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The evolution of the power law k-essence cosmology
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We investigate the evolution of the power law k-essence field in FRWL spacetime. The autonomous
dynamical system and critical points are obtained. The corresponding cosmological parameters, such
as Ωφ and wφ, are calculated at these critical points. We find it is possible to achieve an equation
of state crossing through −1 for k-essence field. The results we obtained indicate that the power
law k-essence dark energy model can be compatible with observations.
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I. INTRODUCTION
Since the cosmological constant model (ΛCDM) suffers from cosmological constant problem [1] as well as age
problem [2], many dynamic dark energy models have been proposed over the past years, such as quintessence, k-
essence, phantom, tachyon, etc. These scalar field models can be seen as special cases of a model with Lagrangian,
Lφ = V (φ)F (X) − f(φ), with the kinetic energy X ≡ − 12∂µφ∂µφ [3, 4]. This general Lagrangian has attracted
much attention. For some special cases, constraints have been considered in [5–8] and dynamics have been analyzed
in [9–12]. Geometrical diagnostic methods have been used to discriminate a class of this theory from ΛCDM [13].
Unified model of inflation, dark matter and dark energy have been discussed in [12, 14, 15]. Generalized tachyon
models have been investigated in [11, 16]. Here we consider a model with F (X) = −√X + X , V (φ) ∝ 1/φ2, and
f(φ) = 0. This type of k-essence has been shown to be a phenomenologically acceptable and theoretically interesting
model which can unify inflation, dark matter, and dark energy [14, 17]. We investigate the possible cosmological
behavior of this model in Friedmann-Robertson-Walker-Lemaˆıtre (FRWL) spacetime by performing a phase-space
and stability analysis. We calculate various observable quantities, such as the density of the dark energy and the
equation of state (EoS) parameter in these solutions. The results show that the model discussed here can be consistent
with observations.
This paper is organized as follows: in the following section, we review k-essence dark energy models. In the third
section, we consider the dynamics of the k-essence scaler field. In the fourth section, we discuss the stabilities of
critical points and the model. Finally, we close with a few concluding remarks in the fifth section.
II. K-ESSENCE COSMOLOGY
We consider k-essence dark energy models with Lagrangian
L = pφ = F (X)V (φ), (1)
where F (X) and V (φ) are analytic functions of X and φ respectively. V (φ) has dimension M4 and hence F (X) is
dimensionless. Theses Lagrangians are invariant under the shift symmetry: φ 7→ φ + φ0. Throughout this paper
we will work with a flat, homogeneous, and isotropic FRWL spacetime having signature (−,+,+,+) and in units
c = 8piG = 1. With Lagrangians (1), we can define the energy density, the pressure, and the EoS parameter.
However, only after specifying the functional form of F (X), it is possible to relate F (X) with scale factor and then
other dynamic quantities such as the energy density and the EoS parameter (recently, an interesting method, the
effective field theory, for the most general class of single scalar field dark energy models has been developed in [18–22]
in which perturbations are determined uniquely by only three time-dependent functions). Here we are interested in
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2the power law k-essence with F (X) = −√X +X which has been extensively studied in [14, 17] and has been shown
to be phenomenologically acceptable and theoretically interesting model which can unify inflation, dark matter, and
dark energy. The corresponding energy density ρφ, the EoS parameter wφ, and the effective sound speed c
2
s are
respectively given by
ρφ = V (φ)[2XFX − F ] = XV, (2)
wφ =
F
2XFX − F =
X −√X
X
, (3)
c2s =
∂p/∂X
∂ρ/∂X
=
FX
FX + 2XFXX
= 1− 1
2
√
X
, (4)
where FX ≡ dF/dX and FXX ≡ d2F/dX2. The sound speed comes from the equation describing the evolution of
linear adiabatic perturbations in a k-essence dominated universe [23] (non-adiabatic perturbation of k-essence has
been discussed in [24, 25], we only consider here the case of adiabatic perturbation).
Since we only care the later evolution of the universe, we neglect baryonic matter and radiation in the matter
component. Then the Friedmann equations take the form
H2 =
1
3
(ρm + ρφ), (5)
H˙ = −1
2
(ρm + ρφ + pφ). (6)
where H = a˙/a is the Hubble parameter. The equation of motion for the k-essence field is given by
(FX + 2XFXX)φ¨+ 3HFX φ˙+ (2XFX − F )Vφ
V
= 0, (7)
where Vφ ≡ dV/dφ. Eqs. (5) and (6) are usually transformed into an autonomous dynamical system when performing
the phase-space and stability analysis
III. THE BASIC EQUATIONS AND THE CRITICAL POINTS
We introduce auxiliary variables
x = φ˙, y =
√
V (φ)√
3H
, (8)
to transform the cosmological equations (5) and (6) into an autonomous dynamical system as following
x′ =
√
3
2
λx2y − 3x+ 3
√
2
2
, (9)
y′ =
1
4
y
(
−2
√
3λxy + 6− 3
√
2xy2 + 3x2y2
)
, (10)
for x > 0. And for x < 0, Eqs. (5) and (6) turn into
x′ =
√
3
2
λx2y − 3x− 3
√
2
2
, (11)
y′ =
1
4
y
(
−2
√
3λxy + 6 + 3
√
2xy2 + 3x2y2
)
, (12)
where the prime denotes a derivative with respect to the logarithm of the scale factor, ln a, and λ ≡ −Vφ/V 32 . Here
we are interested in the case where λ is a constant, meaning V (φ) ∝ φ−2. The density parameters of k-essence, the
EoS, the sound speed, and the total EoS are reformulated as, respectively,
Ωφ =
1
2
x2y2, (13)
wφ = 1−
√
2 | x |−1, (14)
c2s = 1−
√
2
2
| x |−1, (15)
wt = Ωφwφ =
1
2
x2y2 −
√
2
2
y2 | x | . (16)
3Because 0 ≤ Ωφ ≤ 1, the auxiliary variable x and y are constrained as 0 ≤ 12x2y2 ≤ 1.
Equations (9) and (10), (11) and (12), form self-autonomous dynamical systems which are valid in the whole phase-
space, not only at the critical points. The critical points (xc, yc) of the autonomous system are obtained by setting
the left-hand sides of the equations to zero, namely by solving X′ = (x′, y′)T = 0. Eight critical points are obtained
in all, as shown in Tables I and II which we also present the necessary conditions for their existence, as well as the
corresponding cosmological parameters, c2s , Ωφ, wφ, and wt. With these cosmological parameters, we can investigate
the possible state of the universe and discuss whether there exists an acceleration phase or not.
IV. STABILITY
As shown in [9, 11], the stability of the critical point does not mean the stability of the model, so, we must investigate
both the stability of the critical point and the stability of the model.
A. Stability of critical points
To discuss the stability of the critical point, we expand X={x, y} around the critical values Xc={xc, yc} by setting
{x, y}T = {xc, yc}T +U with the perturbational variables U (see, for example, Refs. [9, 26–28]). Up to the first order
we acquire U′ = M ·U with the matrix M determined by
M =
[
∂x′
∂x
∂x′
∂y
∂y′
∂x
∂y′
∂y
]
. (17)
The matrix M contains the coefficients of the perturbation equations, thus its eigenvalues determine the stability
of the critical points. For hyperbolic critical points, all the eigenvalues have real parts different from zero: sink for
negative real parts is stable, saddle for real parts of different sign is unstable, and source for positive real parts is
unstable. The conditions for the stability of the critical points are given by Tr M < 0 and detM > 0.
For the power law k-essence dark energy we discussed here, the M, detM > 0, and TrM < 0, are found to be
M =
[ √
3λxy − 3
√
3
2
λx2
1
4
y(−2√3λy − 3√2y2 + 6xy2) −
√
3
2
λxy + 3
2
− 3
√
2
4
xy2 + 3
4
x2y2 + 1
4
y(−2√3λx − 6√2xy + 6x2y)
]
, (18)
detM = −9
4
λ2x2y2 +
9
√
3
2
λxy − 15
√
6
8
λx2y3 +
3
√
3
2
λx3y3 − 9
2
+
27
√
2
4
xy2 − 27
4
x2y2, (19)
trM =
√
3
2
λxy − 3
2
− 3
√
2
4
xy2 +
3
4
x2y2 +
y
4
(−2
√
3λx− 6
√
2xy + 6x2y), (20)
for the case: x > 0, and
M =
[ √
3λxy − 3
√
3
2
λx2
1
4
y(−2√3λy + 3√2y2 + 6xy2) −
√
3
2
λxy + 3
2
− 3
√
2
4
xy2 + 3
4
x2y2 + 1
4
y(−2√3λx + 6√2xy + 6x2y)
]
, (21)
detM = −9
4
λ2x2y2 +
9
√
3
2
λxy +
15
√
6
8
λx2y3 +
3
√
3
2
λx3y3 − 9
2
− 27
√
2
4
xy2 − 27
4
x2y2, (22)
trM =
√
3
2
λxy − 3
2
+
3
√
2
4
xy2 +
3
4
x2y2 +
y
4
(−2
√
3λx+ 6
√
2xy + 6x2y), (23)
for the case: x < 0. According to the conditions for the stability of critical points, we obtain the ranges of λ in which
the critical points are stable, as shown in Tables I and II. We plot critical point P14 for λ = 0.1 in Fig 1 and P24 for
λ = −0.8 in Fig 2 to have a visual understanding of the behavior of the field near critical points.
4TABLE I: For x > 0, the existence and stability conditions of critical points, the cosmological parameters, and the range of λ
for acceleration.
Critical points {xc, yc} Existence stable c2s Ωφ ωφ ωtot Accelaration
P11 = {
√
2
2
, 0} arbitrary none 0 0 −
√
2
2
0 none
P12 = {
√
2,
√
6
2λ
} λ > 0 λ >
√
6
2
1
2
3
2λ2
0 0 none
P13 = {
√
3
λ+
√
6
,−
√
6
3
(λ+
√
6)} none none −
√
6
6
λ 1 −1−
√
6
3
λ −1−
√
6
3
λ none
P14 = {
√
3√
6−λ ,
√
6
3
(
√
6− λ)} λ < √6 λ <
√
6
2
√
6
6
λ 1
√
6
3
λ− 1
√
6
3
λ− 1 0 ≤ λ <
√
6
3
TABLE II: For x < 0, the existence and stability conditions of critical points, the cosmological parameters, and the range of λ
for acceleration.
Critical points {xc, yc} Existence stable c2s Ωφ ωφ ωtot Accelaration
P21 = {−
√
2
2
, 0} arbitrary none 0 0 -1 0 none
P22 = {−
√
2,−
√
6
2λ
} λ < 0 λ < −
√
6
2
1
2
3
2λ2
0 0 none
P23 = {
√
3
λ−
√
6
,
√
6
3
(λ−√6)} none none
√
6
6
λ 1 −1 +
√
6
3
λ −1 +
√
6
3
λ none
P24 = {−
√
3
λ+
√
6
,
√
6
3
(λ+
√
6)} λ > −√6 λ > −
√
6
2
−
√
6
6
λ 1 −1−
√
6
3
λ −1−
√
6
3
λ −
√
6
3
< λ ≤ 0
B. Stability of model
The stability of model includes classical and quantum stability. We first discuss the classical stability. In a
flat universe, the equation for the canonical quantization variable v describing the collective metric and scalar field
perturbations takes the form [23]
v′′k + (c
2
sk
2 − Φ
′′
Φ
)vk = 0, (24)
where Φ = a(ρφ + pφ)
1/2/(csH) with H the Hubble parameter. The increment of instability is inversely proportional
to the wave-length of the perturbations, therefore the background model is violently unstable and do not has any
physical significance for c2s < 0. Another potentially interesting requirement is c
2
s ≤ 1, saying that the sound speed
should not exceed the speed of light, otherwise the causality will be violated. Note, however, this is still an open
problem (see e. g. [29–34]). Here we take the conditions for classical stability as: 1 ≥ c2s ≥ 0, namely
1 ≥ 1−
√
2
2
1
|x| ≥ 0, (25)
for the case of power law k-essence we discussed here. From this equation, we obtain the range of λ in which the
model is classically stable: |x| ≥
√
2
2
.
Now discussions for the quantum stability of the k-essence field are in order. Expanding p at second order in δφ,
the Hamiltonian fluctuations are found to be [35–38]:
δH = pX (∇δφ)
2
2
+ (pX + 2XpXX)
(δφ˙)2
2
− pφφ (δφ)
2
2
, (26)
where pφφ ≡ d2p/dφ2. The positivity of the first two terms in equation (26) leads to the following conditions for
quantum stability
pX ≥ 0, and pX + 2XpXX ≥ 0. (27)
The conditions for quantum stability for the power law k-essence dark energy discussed here are found to be: |x| ≥
√
2
2
.
Here pX ≥ 0 is the gradient-stability condition and pX +2XpXX ≥ 0 is the no-ghost condition. In general, violations
of the null energy condition may lead to gradient instability. One way to avoid the gradient instability is to flip the
sign of the kinetic term with a minimally coupled scalar field [39], however, this turns out to be catastrophic since
5FIG. 1: Phase-space for power law k-essence cosmology, with the choice λ = 0.1 for critical point P14 when x > 0.
FIG. 2: Phase-space for power law k-essence cosmology, with the choice λ = −0.8 for critical point P24 when x < 0.
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FIG. 3: The evolution of Ωφ, Ωm, wφ, and the deceleration parameter q for λ = 0.1 with the initial conditions x = 0.65 and
y = 0.0000375 when ln a = −7.
the considered theory would inevitably develop ghost instabilities [40], and as shown in Figures 1 and 2 in [22], a
minimally coupled scalar cannot produce a super-accelerating equation of state. Another way is to consider the high
order terms, and it has been shown that a quintessence model with wφ 6 −1 can be completely stable for some
conditions [41, 42]. For k-essence or dark energy models crossing the phantom divide, the speed of sound should
be set to zero to obtain stability [41]. For generalized and detailed discussions on the problem of the soundness of
the theory against ghost-like and gradient instabilities we refer to reference [22]. Discussions about perturbational
instability for violating the null energy condition can also be found in [43–48].
So it can be concluded that the model is both classically and quantum stable for |x| ≥
√
2
2
. We say the model is
(classically and quantum) stable at a critical point if its xc is in the range of x allowed by the conditions of stability
for the model, or is not stable if xc is not in the range of x allowed by the conditions of stability for model [9, 11].
C. Cosmological implications
For x > 0, the model is stable at critical points P13 for −
√
6 ≤ λ ≤ 0, P14 for 0 ≤ λ ≤
√
6, and P11 and P12 for
arbitrary λ. But critical points P11 is not stable and P13 does not exist, so they are not relevant from a cosmological
point of view. In other words, only critical points P12 and P14 are physical interesting.
For λ >
√
6
2
, the critical point P12 is stable. At this point, the k-essence behaves like dark matter with Ωφ =
3
2λ2 ,
meaning the universe is partly occupied by k-essence. If λ −→ +∞, the universe will be dominated by dark matter,
while if λ −→
√
6
2
, the universe will be dominated by k-essence.
For λ <
√
6
2
, the critical point P14 is stable, while the range of λ in which the model is stable is 0 ≤ λ ≤
√
6, that is
to say, only for 0 ≤ λ <
√
6
2
, both the model and the critical point are stable. At this point, the universe is dominated
by k-essence with Ωφ = 1 and wφ =
√
6
3
λ− 1. If λ = 0, the k-essence will behave like cosmological constant; while if
λ −→
√
6
2
, the k-essence will behave like dark matter. The deceleration parameter is q = −1+
√
6
2
λ. The final state of
the universe dependents on the potential: the universe will speed up if 0 ≤ λ <
√
6
3
, will expand with constant-speed
if λ =
√
6
3
, and will speed down if
√
6
3
< λ <
√
6
2
.
We plot the evolution of Ωφ, Ωm, wφ, and the deceleration parameter q for λ = 0.1 (namely for the case x > 0) in
figure 3. The initial conditions are chosen as x = 0.65 and y = 0.0000375 when ln a = −7. In this case, an interesting
result is that the EoS is smaller than −1 at early times and is larger than −1 at late times. The parameter Ωφ is
nearly zero at early times and increase to 0.68 when ln a −→ 0, which is compatible with observations.
For x < 0, the critical point P21 is not stable and P23 does not exist, while other critical points are stable for a
certain range of λ. the model is stable at critical points P23 for
√
6 ≤ λ ≤ 2√6, P24 for −
√
6 ≤ λ ≤ 0, and P21 and
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FIG. 4: The evolution of Ωφ, Ωm, wφ, and the deceleration parameter q for λ = −0.8 with the initial conditions x = −0.65 and
y = 0.000034 when ln a = −7.
P22 for arbitrary λ.
For λ < −
√
6
2
, the critical point P22 is stable, and the k-essence behaves like dark matter with Ωφ =
3
2λ2 . If
λ −→ −∞, the universe will be dominated by dark matter, while if λ −→ −
√
6
2
, the universe will be dominated by
k-essence.
For −
√
6
2
< λ ≤ 0, both the model and the critical point P24 are stable. The universe is dominated by k-essence
with Ωφ = 1 and wφ = −
√
6
3
λ − 1 at this point. If λ = 0, the k-essence will behave like cosmological constant; while
if λ −→ −
√
6
2
, the k-essence will behave like dark matter. The deceleration parameter is q = −1 −
√
6
2
λ. The final
state of the universe dependents on the potential: the expansion of universe will speed up if −
√
6
3
≤ λ < 0, will keep
constant-speed if λ = −
√
6
3
, and will speed down if −
√
6
2
< λ < −
√
6
3
.
The evolution of Ωφ, Ωm, wφ, and the deceleration parameter q for λ = −0.8 (namely for the case x < 0) are plotted
in figure 4 with the initial conditions x = −0.65 and y = 0.000034 when ln a = −7. The parameter Ωφ is nearly zero
at early times and increase to 0.68 when ln a −→ 0, which is also compatible with observations. The EoS can also
cross through −1 .
V. CONCLUSIONS AND DISCUSSIONS
We have investigated the evolution of the universe when power law k-essence acts as dark energy and have examined
whether there are late-time solutions compatible with observations. Critical points and the conditions for their
existence and stability are obtained. The corresponding cosmological parameters, c2s , Ωφ, wφ, and wt, are calculated
at these critical points. The (classical and quantum) stability of the model are also discussed.
As discussed in [9, 11], the stability of critical points does not mean the stability of the model, vice versa. The
critical points can be divided into three classes: stable points at which the model is (classically or quantum) unstable,
stable points at which the model is stable, unstable points at which the model is stable [9, 11]. From a cosmological
point of view, only stable points at which the model is also (classically and quantum) stable are physically interesting.
So for the case of x > 0, only points P12 and P14 are cosmological relevant. At the critical point P14, the expansion
of the universe can speed down, speed up, or keep-constant speed. For the case of x < 0, only points P22 and P24 are
physically interesting. At the critical point P24, the expansion of the universe can also speed down, speed up, or keep
constant-speed. The final state of the universe dependents on k-essence field and its potential. In both of these two
cases, it is possible to have an EoS crossing through −1, this is an interesting result.
As it has been shown that in order to study the possible state of the power law k-essence cosmology, it is important
to investigate both the stability of the critical points and the (classical and quantum) stability of the model [9, 11].
Otherwise the analysis will lead to wrong conclusions. The analysis we performed here indicates that the power law
k-essence dark energy model can be compatible with observations. Theses results can been taken into account if
k-essence cosmology successfully passes observational tests which are interesting studies for other studies.
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